We propose an area based method for the simultaneous registration of multiple 3-D data sets without known correspondences when a rough initial registration is known. The method is applicable to data sets which can be represented as single valued parametric surfaces. We introduce such a representation called a 3-D pro le map for the data acquired by light striping.
We propose an area based method for the simultaneous registration of multiple 3-D data sets without known correspondences when a rough initial registration is known. The method is applicable to data sets which can be represented as single valued parametric surfaces. We introduce such a representation called a 3-D pro le map for the data acquired by light striping.
During registration, the relative orientations of the pro le maps measured from di erent viewpoints are iteratively re ned by matching the parametric surfaces in the overlapping areas in the sense that the mean of the squares of weighted distances between the surfaces is minimized. Incompatible matches are rejected by an adaptive weighting function and the minimization task is solved simultaneously for all the maps. Hierarchical techniques are utilized in order to better localize a global minimum and to speed up the processing. The computational operations are formulated using the notation of an image algebra and realized in a parallel manner thus reducing further the computation time. Test results are shown with real data.
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INTRODUCTION
The paper deals with estimating the rigid body transformations between multiple sets of 3-D points measured by a laser-camera pro lometer from di erent viewpoints. The data sets are presented as dense parametric surfaces called pro le maps and the relative orientations of these maps are solved by matching the surfaces in the overlapping regions. This registration step is important for example in applications where the aim is to build a complete model of an object by measuring it from all directions.
Related work
In literature, there exists related work on this subject in the areas of range image registration 3, 4, 6, 8, 10, 11, 14, 21, 22, 25, 27, 36] , absolute orientation of stereo models 15, 31] , and object pose or motion estimation 13, 33, 37, 38] . Much of the related work is concerned with matching two 3-D data sets. Moreover, one of the data sets is often a known reference model, for example, a computer-aided design (CAD) model or a digital elevation model (DEM), and the task is to get the sensed data and the reference model to the same coordinate system for the subsequent analysis of di erences. Multiple data sets are usually matched sequentially when moving objects are tracked while in object modeling, a batch solution could be more appropriate.
The registration problem could be solved with the help of external control points 7, 38] or natural features such as corner points or edges 37] . Since the extraction of these is often subject to errors, there has been a growing interest to develop surface based methods 4, 11, 17, 36] which minimize the distance between two data sets interpreted as surfaces in 3-D. In surface matching, there is no exact correspondence between the 3-D data sets. Instead, the registration proceeds iteratively so that a pointwise correspondence is established at each iteration according to the current orientation estimate and then the relative orientation is updated using the established correspondence. These two steps are iterated until convergence.
The performance of a surface matching algorithm depends on the way that is used to update correspondence, to determine overlapping regions, and to deal with occlusion. The iterative closest point algorithm developed in 4] seems to be the most popular one to nd the correspondence between two sets of Cartesian (x; y; z) coordinate points. For each point in the rst frame, the corresponding point in the second one is chosen to be the closest point in the Euclidean metric. Techniques to compute the closest point on a given geometric shape to a given measured point for di erent geometric shape representations have been developed in 4] while in 36], 3-D binary search trees are used to nd the closest points.
The iterative closest point algorithm has been applied and developed further in 10, 11, 14, 22, 25, 36] to deal with problems caused by outliers, occlusion, appearance, and disappearance. The overlapping region between two views is a function of their relative orientation and thus changes during the adjustment. Some points in the rst view may be occluded in the second one. These points do not have corresponding points although one can nd the closest ones for them. To discard wrong matches, constraints on the distance between possible matches and on the angle between the surface normals at matched points have been introduced in 36]. The distance constraint rejects matched points which are too far in distance with respect to the statistical distribution of distances. This also removes statistical outliers so that the method is rather robust to gross outliers. The angle constraint between the surface normals is useful when, for example, the di erent sides of a thin wall are to be distinguished. In 11], the surfaces are locally classi ed into eight categories according to the signs of the mean and Gaussian curvatures and these curvature labels are then required to be the same at matched points. In 10], the closest points are determined using a distance measure that combines the Euclidean distance and the di erences in the surface normal orientation and principal curvatures. A nonrigid a ne tranformation is then updated by minimizing the 3-D distance and the di erence in curvature between the matched points. More weight is given for points having high curvature. In 25], the iterative closest point algorithm is integrated with random sampling and least median squares estimation in order to deal with outliers and wrong matches. In 14], a discrete mesh is built from each range image and mapped to a spherical image containing a measure of curvature at every node of the mesh. The transformation between two consecutive views is computed by matching the spherical images.
In 22], the range images are triangulated and the centers of gravity of the triangles are used as data points which are matched against the triangular primitives from the range images already registered.
In 3, 6, 8, 34] , one of the surfaces is modeled and the distance to the other one is measured more or less in the direction of the surface normal. In 8], the second range image is approximated by tangent planes at points hit by the surface normals of the rst image while in 6], one of the range images is modeled by an octree-spline allowing a fast distance computation to the other one. In 34], the surface structure and motion parameters are incrementally estimated from a sequence of multi-sensor data. The perpendicular distance from data points to the reconstructed parametric thin-plate-membrane spline surface is approximated by an a ne invariant distance measure. In 3], a hierarchical triangulation-based surface representation is used to select the control points at which the alignment of two range images is evaluated. Other approaches for registration without known correspondences have been considered in 21, 23] . In 21], multiple range images are registered using the contours of constant range and in 23], 3-D medical images are matched with 2-D X-Ray projections by minimizing the 3-D distance which brings the set of camera-contour projection lines tangent to the object surface.
For parametric surfaces (x(u; v); y(u; v); z(u; v)), the correspondence between two views can be established in the parametric domain, if the tranformation from the parametric u; v domain to the x; y; z coordinate space is continuous so that nearby points in the coordinate space are also located close to each other in the parametric domain. Surfaces of the type z = f(x; y) belong to this category with the de nition x(u; v) = u and y(u; v) = v. The point (x; y) determines the correspondence and the di erence in the z-direction is minimized. This is usually the case with aerial stereo models 31] where the ground elevation z is a function of the plane coordinates x; y in the ground coordinate system. In our previous work 17], we have used similar techniques to determine the correspondence when solving the relative orientation of two disparity maps obtained from stereo. A disparity map contains the horizontal parallax p for each pixel location (i; j) of the left camera within the measurement coverage of the stereo head and can thus be represented as a surface p = f(i; j). In another approach 5], the parametric idea has also been used to establish the correspondences between multiple range images. A set of control points is selected from one view by uniform subsampling and the corresponding set in another view is found from the parametric domain after application of the rigid body transformation and the inverse of camera calibration equations to the control points.
After the correspondences between (generally) multiple views have been established, the relative orientations of the views are updated so that the distance between corresponding points usually in the least squares sense is minimized. A step towards minimum could be taken according to an iterative method like NewtonGauss, Levenberg-Marquardt, conjugate gradient, or simplex. These methods require initial estimates for the orientation parameters. More e cient direct methods to solve the rigid body transformation between two views include the singular value decomposition, polar decomposition, quaternion, and dual quaternion methods 9, 15, 20, 35] . The Levenberg-Marquardt method is our choice for the simultaneous solution of multiple frames. It is left for future research to investigate whether the direct methods could be applied also in the multiple case. A stochastic optimization technique such as the very fast simulated reannealing used in 5] might also be worth examination.
Our contribution
In this paper, we extend our previous work in 17] to the data sets measured by a laser-camera prolometer realizing the techniques of light striping. We introduce an unusual way of representing the data as single valued parametric surfaces which we have given the name 3-D pro le maps. In general, our approach is applicable to any 3-D sensing device that produces single valued data in a parametric form if the transformation from the parameter space to the 3-D coordinate space is known and invertible. For example, one could use disparity maps extracted from stereo pairs 17].
The key feature in our iterative registration algorithm is that we minimize the distance between the original single valued measurements instead of minimizing the distance between the 3-D coordinate points. The bene t from this is that the correspondences between the maps are found directly without any closest point search in 3-D by transforming the points from one map to the parametric domain of another map. Our approach is thus similar to that proposed in 5] (developed independently of ours for range sensors di erent from ours) but di ers from the other methods which need the closest point search. Our approach is motivated by that we want to register all the dense maps simultaneously using all the data available.
Our registration algorithm proceeds hierarchically. For each map, a pyramid representation is constructed by local averaging and subsampling 18, 24] . The smoothed trend surfaces of low resolution are registered rst and then the resolution and detailness of the surfaces are increased gradually leading to better and better registration estimates. At the lowest resolution, an initial registration is obtained by a feature based method involving some manual work. At the subsequent levels of resolution, the registration estimate from the previous level gives an initial estimate for the current level. The hierarchical approach helps in nding a global minimum for the merit function and speeds up the processing. At each level of resolution, we match all the maps simultaneously in all the overlapping areas. Occlusion is taken care of with a weighting function that nds compatible matches with respect to the direction of the surface normal and the distance between matched points. An adaptive weighting for this is adopted from 36] with a minor modi cation for better convergence. We give also less weight for points near edges in order to compensate the interpolation error caused by the resampling of the parametric domains. In general, our algorithm is based on ordered data sets and formulated using the notation of an image algebra 30], which provides a powerful language for image processing tasks. The image algebra operations are realized in a parallel manner using a high level programming language MATLAB 26] . Parallel software implementation reduces the computation time and the program code becomes more compact when large blocks of code are replaced by short statements.
The paper is organized as follows. The notation of the image algebra is reviewed in Section 2. In Section 3, the measuring system is described and the concept of a pro le map introduced. The registration algorithm is formulated in Section 4 and tested with real data in Section 5. Conclusions are presented in Section 6.
IMAGE ALGEBRA OPERATIONS
In this section, we review the notation and basic operations of the image algebra relevant to our registration approach in Sections 3 and 4. For a complete description of the algebra, see 30] . In general, an image is de ned to be the graph ?(f) of a function f from a coordinate set S R n to a value set F (any semi-group) and thus has the form f = ?(f) = f(s; f(s)) j s 2 Sg. An element (s; f(s)) of the image f is called a pixel, where s is the pixel location and f(s) the pixel value at location s. The set of all F valued images on S is denoted by F S .
In this paper, we consider real valued images (F = R) on the rectangular grid S = 1; : : : ; N] 1; : : : ; M] Z 2 + . Following the notation of 30], the binary operations of addition and multiplication of two images f; g 2 R S are de ned, respectively, by
The dot product of f and g is a real number given by f g = Other useful unary operations include the characteristic function with respect to some set Q R given by
In order to abbreviate notation, we denote by < (f) a characteristic image which has the value one in The binary operations between templates are de ned using the corresponding operations between images, e.g., the addition + of ; 2 (R S ) U is de ned by ( + ) u = u + u .
FIG. 1. The principle of light striping.
OBJECT DIGITIZATION BY LIGHT STRIPING
The range data are acquired by a laser-camera pro lometer utilizing the well-known technique of light striping 6, 32 (p. 414)] illustrated in Fig. 1 . Our measuring system has been developed in 29] and it has been applied for instance to airborne recording of ice eld deformations in 12]. In close range measurements, the object movement is performed stepwise and synchronized with image recording in a computer-controlled driveway.
The data is obtained in a parametric form. For each pro le p illuminated by the laser and for each row i of the image of the camera, we measure at subpixel accuracy the column index j of the image which has the brightest intensity in the row. Consequently, the observed column index is a single valued function of the row and pro le indices and can be represented as a surface j = j(i; p). The pro le map is de ned as a real valued image j = f(s; j(s)) j s 2 S = 1; : : : ; N] 1; : : : ; M]g; (4) where N is the number of rows in the image of the camera and M is the number of pro les recorded. The value j(s) = 0 indicates that all the intensity values in the row are below a given treshold. Outliers (caused by re ections, for example) may occur if there is a pixel whose gray level is not less than the treshold but there should be no stripe actually visible in the row. In case the stripe is visible more than once in the row, some information remains ungathered since no more than one column index per row is stored. This can be diminished by rotating the camera around its optical axis so that the stripe is seen as vertical as possible in the image of the camera. In order to speed up the measurement and especially the subsequent processing of pro le maps, we consider sparse pro le maps which have been obtained by observing the column index only for, say, every fourth row in the 512 512 image of the camera so that N = 128 but j ranges from one to 512. The number of pro les M varies usually between 50 and 150.
The recorded pro les are projectively distorted in the image plane of the camera but when they are recti ed by a projective transformation to a plane parallel to the one de ned by the laser sheet, they have the correct shape and size 29]. The right-handed rectangular x; y; z world coordinate system is thus xed so that the xz-plane is parallel to the plane of the laser sheet and the object is moved in the direction of the negative y-axis. The rst pro le recorded is assigned the value y = 0. Given a set of observations in the form of a pro le map j on S, we construct two images from the corresponding row and pro le indices given by i = f(s; i(s)) j s 
REGISTRATION USING SURFACE MATCHING
In this section, we present a method for the simultaneous registration of multiple pro le maps using surface matching techniques. The registration proceeds hierarchically from low to high resolution surfaces and at each level of resolution, the pointwise correspondences between overlapping maps are iteratively re ned so that the mean of the squares of weighted distances between the surfaces is minimized. The preprocessing steps include outlier removal, construction of a pyramid representation, surface normal estimation, and edge indicates a pixel location where no surface normal is estimated. Since we are not able to compute the covariance matrices for multiple sets in parallel, the surface normal estimation is the only step where we have to proceed sequentially.
Edge detection is performed using the templates ; 2 (R S k ) S k given by A Laplacian edge image is constructed from j k by e k = (j k ) =5 ( >0 (j k ) ). Other edge detection techniques could be used as well.
Initial registration
An initial registration is needed at the lowest level of resolution. In our case, the object is moved to di erent positions by hand and no approximate registration given by the measuring system is available . FIG. 2 . The transformed image j kl is compared to the interpolated imagej l within the overlap on S k .
Consequently, we have chosen to use a feature based method for there seems to be much natural features in the scenes we are interested in. The relative rotations are computed from extracted direction vectors by the method of singular value decomposition 20] and the translations are subsequently estimated as mean displacements of extracted points. In the rotation estimation, we use modeled features such as the normals of planes and the axes of cones and cylinders, which can be determined accurately from segmented regions 16]. The corresponding features in another map are given manually. After initial registration, neither segmentations nor feature correspondences are used in surface matching.
Establishment of correspondences
The pairwise correspondences between multiple pro le maps j k , k = 1; : : : ; L, are determined on the underlying coordinate sets S k , k = 1; : : : ; L, by transforming each map j k , k = 1; : : : ; L ? 1, onto all the other maps j l for which l > k. The transformation means that we apply the current estimate of the rigid body transformation (6) to the world coordinate images x k ; y k ; z k and then use the inverse of (5) to obtain a transformed map j kl with the coordinate set images i kl and p kl de ned on S k . The surface normal vectors given in the n k and n k images are rotated by R 1l R ?1 1k to the images n kl and n kl , as well. For L pro le maps, the number of pairwise overlapping areas (some of which may be empty) is equal to 1+2+: : :+(L?1).
For a pixel (s k ; j k (s k )) of the pro le map j k , the corresponding pixel on the pro le map j l is chosen to be (s k ;j l (s k )) wherej l is an image on S k whose values are bilinearly interpolated from the values of j l on S l to the intermediate locations s kl = (i kl (s k ); p kl (s k )). The transformed images j kl and the interpolated imagesj l are compared on S k as illustrated in Fig. 2 . We minimize the mean of the squares of weighted distances between the corresponding points of L pro le maps given by kl ; (11) where the factors pay attention to di erent aspects needed to be considered when rejecting possible matches. These factor images and bilinear interpolation are described in more detail in the following. 
The interpolation of j l is formulated using the images given in (13 Even in the case of perfect registration, our correspondence determination yields a wrong match if
kl \ Supp(w (l) kl ) although the point on the object surface is not visible to j l because of selfocclusion. This is illustrated in Fig. 3 . The solid line shows the geometry of one cross section of the object intersected by the plane of the laser sheet p = p kl (s k ). The dashed lines show two exemplary cases of the intersection of the plane of the laser sheet with the plane i = i kl (s k ). The corresponding point for point A seen in j k is found from j l at s kl = (i kl (s k ); p kl (s k )) which is situated on the object surface at point B, i.e., at the intersection point of the dashed and solid lines which is visible from the viewing direction of j l . Similarly, point C visible from j k is matched with point D visible from j l . These wrong matches can be eliminated by comparing the directions of the surface normals at the matched points (A -B) or the distance between the matched points (C -D). In order to nd convenient weighting images for this, we tested di erent kinds of weighting functions and obtained best results with an adaptive one suggested in 36] to reject matches that are far in distance with respect to the statistical distribution of distances in the world coordinate frame. We use a similar weighting image to discard also matches that have a large discrepancy with respect to the direction of the surface normal at matched points. In the following, we describe these weighting images in more detail.
The angle between the surface normal vectors at matched points is presented as a n kl image on S k obtained from the scalar product of the transformed normal vectors of j k with the estimated normal vectors at the corresponding points of j l . Since the -angle is ambiguous when the normal is parallel to the z-axis, it is not meaningful to interpolate the n l image. Instead, the surface normal is approximated at the intermediate locations s kl 
where 0 < 0 < 1 < 2 are constants that are chosen according to an expected accuracy of the surface normal compatibility. The smallest one, 0 , should be related to the accuracy that is expected to be achieved in perfect registration while 1 and 2 a ect the convergence of the minimization of (10). An initial treshold (0) kl;max should be given according to the accuracy of the initial registration. As pointed out in 36], the registration algorithm has a tendency to converge to the nearest local minimum. In order to avoid this, we set a lower bound so that (r+1) kl;max min > 0 for (say) r < 10 and after that perform some more iterations without the lower bound.
The weighting image for the distance compatibility is given by
kl;max ; (18) where the values of d kl equal the Euclidean distance between the corresponding points and the treshold d (r) kl;max is updated analogously to (r) kl;max in (17) with constants 0 < 0 < 1 < 2 and a lower bound d (r+1) kl;max d min > 0 for (say) r < 10.
Updating the relative orientations
At each iteration, the rigid body tranformations between L pro le maps are updated so that the merit function 2 L in (10) is minimized. In each term of 2 L , the functions j kl andj l de ning the images j kl andj l , respectively, depend on the unknown parameters as j kl = j kl x kl (a kl ); z kl (a kl )] and j l =j l fi kl x kl (a kl ); z kl (a kl )]; p kl y kl (a kl )]g; where the vector a kl contains twelve (six) parameters related to the transformation from j k , k > 1 (k = 1), to j l , l > k. The dependences being nonlinear, a step towards the minimum of 2 L in regard to all the unknown parameters is taken according to the Levenberg-Marquardt nonlinear least squares algorithm 28, pp. 521-525]. The rst partial derivatives of j kl andj l with respect to the parameters a kl needed in the algorithm can be evaluated straightforwardly.
After the relative orientations have been updated, the corresponding points change and we thus return to establish the correspondences according to the re ned orientations. The iterative matching is stopped if the merit function previously decreased relatively less than one per cent, if all the parameters changed relatively less than one percent, or if the number of iterations processed equals a limit set in advance. In the two latter cases, the iteration is not terminated if the merit function increased previously.
Algorithm
The registration algorithm can be summarized as follows.
A. Do the steps A1 through A3 for every profile map j k , k = 1; : : : ; L. FIG. 4 (a)-(d) . Four pro le maps over the casing box on the plate measured from di erent viewpoints. FIG. 5 (a)-(b) . The registered four data sets over the casing box on the plate (a) before and (b) after surface matching.
FIG . 6 (a)-(b) . The weighted di erences between the pro le maps 1 -2, 1 -3, and 1 -4 of Fig. 4 plotted on S 1 (a) before and (b) after surface matching.
B3.2
For each transformation, construct the bilinearly interpolated imagej l on S k .
B3.3
Find the compatible matches given by the weighting images w kl in (11) , (12), (14), (15), (16) , and (18).
B3.4
Update simultaneously all the rigid body transformation parameters according to the Levenberg-Marquardt algorithm so that the merit function 2 L in (10) is minimized.
EXPERIMENTS
The registration algorithm has been tested with real data. The algorithm has been coded using MAT-LAB and the computations performed in a HP9000 Model 712/100 computer. MATLAB is a high-level programming language designed especially for matrix computation. The image algebra operations considered in this paper can be implemented using the built-in functions of MATLAB. There is for example a function that nds the pixel locations where the pixel value satis es a desired statement thus allowing 
Casing box on a plate
In the rst experiment, the object consisted of a casing box on a plate. In Fig. 4 , there are shown four views over the scene acquired from di erent viewpoints. In Fig. 5a , the range views have been plotted in the same coordinate system according to an initial registration obtained using the axis of symmetry of the casing, the normal of the plate, and the empty region on the top of the casing as features. The surface matching method was then applied only at the highest level of resolution since the results were not satisfactory at coarser levels. Improvement from the initial registration is clear as shown in Fig. 5b . In this experiment, the weighting image for the surface normal compatibility is essential in order to distinguish the di erent sides of the casing. The overlap regions are also quite small which makes the matching even more di cult. kl;max = 10, and for the rst ten iterations, we set min = 6 , d min = 3. The iteration stopped after 26 iterations when the merit function decreased relatively less than one per cent. The root mean of the squares of weighted distances was 4 = 0:40 which is of the same order as the measuring accuracy of the pro lometer that is estimated to be about half a pixel since the laser stripe is seen as fairly broad in the image of the camera. Fig.   6 illustrates the weighted di erences (dj) 1l = w 1l (j 1l ?j l ) on S 1 for l = 2; 3; 4 and plotted for compatible matches only. Fig. 6a is according to the initial registration and Fig. 6b after surface matching. The number of compatible matches between all the maps varied between 4 000 and 5 500 during the iteration and in the nal registration K = 4 138. Performing the steps A1, B1, and B2 in the algorithm for all the four maps at the highest level of resolution required 1 min 40 seconds computation time while it took 7 min 50 seconds to perform 26 iterations in surface matching.
Scale model of an urban area
In the second experiment, the scene was made up of a scale model of an urban area. Five pro le maps over the scene are shown in Fig. 7 . An initial registration was obtained using the normal vectors of roofs and corner points of houses as features. The initial registration at the lowest level of resolution is shown in Fig.  8a while Fig. 8b shows the registration after hierarchical surface matching at the highest level of resolution. FIG. 7 (a)-(e) . Five pro le maps over the scale model of an urban area measured from di erent viewpoints. FIG. 8 (a)-(b) . The registered ve data sets over the urban area (a) before and (b) after surface matching. FIG. 9 (a)-(b) . The weighted di erences between the pro le maps 1 -2, 1 -3, 1 -4, and 1 -5 of Fig.   7 plotted (a) on S 2 1 before and (b) on S 1 after surface matching.
In this experiment, three levels of resolution were used while without hierarchy, an incorrect registration near the optimal one was obtained. The experiment showed also the importance of the distance compatibility in order to discard wrong matches that can not be detected using the surface normal compatibility only. The constants in w (n) kl were chosen as 0 = 36 , 1 = 2 0 , 2 = 3 0 , and the corresponding constants in w (d) kl as 0 = 1, 1 = 3 0 , and 2 = 6 0 . Moreover, we had (0) kl;max = 4 , d (0) kl;max = 10, and for the rst ten iterations, we set min = 6 , d min = 5. The number of iterations was limited to 10 at each level of resolution. With these settings, the algorithm performed 10 iterations at the lowest level, 10 iterations at the medium level, and terminated after 3 iterations at the highest level of resolution, when the merit function decreased relative less than one per cent and the root mean of the squares of weighted distances was 5 = 0:45. The weighted di erences (dj) 1l = w 1l (j 1l ?j l ) for l = 2; 3; 4; 5 and plotted for compatible matches only are shown on S 2 1 before and on S 1 after surface matching in Fig. 9 . The number of compatible matches between all the maps varied between 500 and 21 400 during the iteration and in the nal registration K = 20 796. The total computation time was 11 minutes 20 seconds for performing all the steps in the algorithm without the interactive one in initial registration.
CONCLUSIONS
In this paper, we have proposed a method for the simultaneous registration of multiple 3-D pro le maps without known correspondences assuming that an initial registration is provided. The concept of a pro le map was introduced in order to represent the 3-D data acquired by a laser-camera pro lometer as single valued parametric surfaces. Surface matching techniques were then used to iteratively update the corresponding points found directly in the parametric domains of the maps without any closest point search in 3-D. Our algorithm minimizes the mean of the squares of weighted distances between all the overlapping pro le maps and solves the minimization task simultaneously for multiple maps. Hierarchical techniques are utilized in seeking for a global minimum. Wrong matches caused by occlusion are discarded by a weighting image that adaptively rejects matches that have a large discrepancy in the direction of the surface normal or in the distance between corresponding points with respect to the statistical distribution of the normal directions or the distances. Edge detection is also performed in order to compensate the interpolation error caused by the resampling of the parametric domains. The registration algorithm was formulated using the notation of an image algebra allowing a parallel software implementation of such image processing tasks as outlier removal, construction of a pyramid representation, edge detection, and bilinear interpolation. In two real data cases, the casing box and the scale model of an urban area, we achieved results where the root mean of the squares of weighted distances between the surfaces in the overlapping regions was of the same order as the measuring accuracy of the pro lometer. The computations were performed within a reasonable time. FIG. 8 (a)-(b) . The registered ve data sets over the urban area (a) before and (b) after surface matching. FIG. 9 (a)-(b) . The weighted di erences between the pro le maps 1 -2, 1 -3, 1 -4, and 1 -5 of Fig. 7 plotted (a) on S 2 1 before and (b) on S 1 after surface matching.
